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ALGORITHMIZATION  OP  MATHEMATICAL  PROBLEMS 

/“This  is  a  translation  of  an  article  written  by  L.  A. 
Kaluzhnin  in  Problemy  Kibernetiki  (Problems  of  Cybernetic), 

No  2,  Moscow,  1959,  pages  51-68.7 

Rapidnacting  computer  machines  (ROM's)  appeared  compa¬ 
ratively  recently:  the  first  universal  machines  were  built 
only  10  years  ago  while  their  wide  adaptation  at  the  present 
time  is  taking  place  literally  in  front  of  our  eyes.  Despite 
this,  the  problems  which  occur  in  connection  with  the  opera¬ 
tion  of  the  already  existing  ROM's,  with  the  searches  for 
new  fields  of  their  application,  and  with  the  design  of  new 
machines  have  already  succeeded  in  exerting  a  noticeable  in¬ 
fluence1  on  the  development  of  mathematical  thought.  Investi¬ 
gations  of  the  problematics  which  are  projected  here  are  now 
being  conducted  in  many  scientific  centers  in  the  USSR  as 
well  as  in  foreign  countries.  In  Kiev  during  the  last  year, 
two  parallel  seminars  took  place;  in  these,  fundamental  pro¬ 
blems  connected  with  the  work  of  ROM's  were  discussed:  in 
the  Institute  of  Mathematics  of  the  Acad  Sci  USSR,  in  the 
field  of  programming,  under  the  leadership  of  V.  S.  Korolyuk 
and  Ye.  L.  Rvacheva -Yushchenko  in  the  Kiev  State  University 
—  a  seminar  on  the  theory  of  algorithms  and  mathematical 
logic  under  the  leadership  of  the  author.  Both  seminars 
supplemented  each  other  fruitfully.  Participating  in  the  work 
of  the  seminars  were  the  instructors  of  Kiev  State  University 
V.  S.  Mikhalevich  and  A.  V.  Skorokhod,  the  coworkers  of  the 
Institute  of  Mathematics,  the  graduate  students  G.  G.  Lyub- 
chenko  and  A.  A.  Stogniy,  and  also  various  undergraduates,  of 
which  one  should  in  particular  mention  I.  N.  Kovalenko,  L.  P. 
Nizhnik,  N.  M.  Martinenko,  V.  Yu.  Metus,  and  E.  I.  Chernobel'- 
skaya.  In  this  paper  we  wish  to  communicate  about  certain 
arrangements  of  problems  which  arose  during  our  joint  work 
and  also  about  the  first  results  which  we  obtained.  It 
stands  to  reason  that  during  the  short  period  of  our  work  we 
were  able  essentially  to  map  those  initial  positions  on  the 
basis  of  which  we  intend  to  continue  our  investigations. 

But  the  individual,  most  simple  problems  were  nevertheless 
advanced  so  far  that  they  can  even  now  be  checked  on  the 
existing  ROM's.  It  is  interesting  to  note  that  the  work  of 
the  seminars  again  confirmed  the  great  role  which  the  most 
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abstract  fields  of  ma thema t ids* -*ma thema t ic a  1  logic,  theory 
of  machine  mathematics. 

Our  aim  is  to  find  general  methods  of  preparing  math¬ 
ematical  and  logical  problems  for  theiP  Solution  on  ROM'S, 
Moreover,  we  are  interested  somehow  whether  a  Certain  problem 
can  "fundamentally"  be  solved  by  a  machine  and  also  whether 
it  is  possible  to  "actually"  accomplish  this  solution  at  the 
existing  level  of  development  of  the  ROM’S  or  a  fundamentally 
possible  solution  is  at  the  present  time  practically  not  pos¬ 
sible  or  economically  not  advantageous.  This  latter  will  take 
place,  for  example,  when  the  number  of  elementary  operations 
necessary  for  the  solution  of  the  problem  is  excessively  large 
(>  lO1^),  when  in  the  process  of  operation,  the  machine  should 
retain  exceptionally  large  initial  or  intermediate  informa¬ 
tion,  or,  finally,  when  the  preparation  of  the  problem  for 
its  solution  by  machines  is  exceptionally  cumbersome.  Never¬ 
theless,  according  to  our  deep  conviction,  the  investigations 
of  the  fundamental  possibility  of  solving  mathematical  pro¬ 
blems  on  ROM’s  can  be  of  great  significance:  on  one  side  we 
are  convinced  that  the  ROM’s  will  rapidly  develop  and  that 
which  is  practically  unattainable  (or  not  advantageous)  to¬ 
day  becomes  possible  tomorrow;  on  the  other  side,  such  in¬ 
vestigations  are  capable  of  leading  to  ideas  of  new  machines 
and,  in  any  case,  to  facilitate  the  development  of  ROM's. 

It  is  necessary  to  state  that  up  to  now  ROM’s  have  essen¬ 
tially  been  used  for  the  solution  of  calculating  (arithmetic) 
machines,  but  recently  the  machines  have  successfully  come 
into  use  also  for  the  automation  of  other  fields  of  intellec¬ 
tual  labor:  it  is  known  that  ROM’s  are  used  for  the  transla¬ 
tion  from  one  language  into  another,  for  accounting,  and 
others.  A  large  number  of  important  mathematical  and  logical 
problems  which  occur  in  connection  with  the  proactice  of 
automatic  control  and,  in  particular,  in  connection  with  the 
operation  of  the  ROM's  themselves  (programming  and  others) 
are  being  solved  to  a  greater  degree  on  ROM’s.  Naturally, 
more  extensive  problems  arise.  A  large  number  of  mathemati¬ 
cal  problems  is  known,  not  necessarity  arithmetic,  the  solu¬ 
tion  of  which  requires  only  the  mechanical  application  of 
rules  once  and  for  all  established  and  capable  of  being  exce- 
cuted  by  man,  without  knowing  or  Investigating  the  sapid 
sense  of  the  problem.  VIZ©  shall  name  several  of  these  pro¬ 
blems:  (1)  identical  rearrangements  of  letter  algebraic 

expressions  (opening  of  the  brackets,  reduction  of  homoge¬ 
neous  members,  etc);  (2)  differentiation  of  complex  ex¬ 
pressions  of  elementary  functions  (or  of  any  other  class  of 
functions  which  satisfy  some  or  other  given  functional  equa¬ 
tions);  (3)  calculation  of  indeterminate  integrals  from 
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the  expressions  of  a  certain  class;  (4)  the  solution  of 
certain  classes  of  differential  equations  containing  some 
or  other  letter  parameters;  (5)  finally,  complete  mathe¬ 
matical  theories  (comparatively  simple,  it  is  true)  are  known 
in  which  for  each  sufficiently  formulated  proposition  with 
respect  to  the  rules  through  a  finite  number  of  steps  it  is 
possible  to  verify  whether  it  is  the  theorem  of  the  given 
theory  or  not  and  to  find  automatically  its  proof. 

As  regards  these  and  similar  problems  --  and  the  number 
of  examples  can  be  increased  as  much  as  is  desired  —  it  is 
possible  to  make  the  same  remark  as  with  respect  to  the  cal¬ 
culations  with  the  use  of  four-action  arithmetic:  it  is 
known  what  elementary  operations  and  in  what  sequence  it  is 
necessary  to  employ,  but  if  the  original  expressions  are 
sufficiently  complex,  then  the  number  of  necessary  operations 
can  turn  out  to  be  so  great  that  the  practical  solution  of 
the  problem  becomes  impracticable  for  man.  (This  pertains, 
for  example,  even  for  such  a  simple  school  problem  as  iden¬ 
tical  rearrangements  of  rational  letter  expressions,  if  the 
number  of  "letters"  and  "brackets"  which  make  up  the  given 
expression  is  sufficiently  great;  the  same  can  be  said  also 
with  respect  the  other  examples  cited  by  us.)  In  all  such 
cases  the  solution  can  fundamentally  be  accomplished  by  a 
machine  and  the  origin  and  development  of  ROM's  makes  it 
possible  partly  even  now  and  to  a  still  greater  extent  in 
the  near  future  to  solve  such  problems  in  practice. 

But  one  should  not  think  that  the  accomplishment  of  the 
solution  of  such  problems  on  ROM's  is  possible  directly;  on 
the  contrary,  new  original  problems  arise  therein  which  per¬ 
tain  to  mathematics  as  well  as  to  engineering.  While  putt¬ 
ing  all  engineering  problems  aside,  we  shall  take  account 
of  the  ia  thematical  problematios. 

Those  rules  which  are  given  to  man  for  the  solution  of 
a  problem  of  any  class  turn  out  to  be  insufficient  for  the 
solution  of  this  problem  on  a  machine:  the  formulation  of 
the  rules  given  usually  verbally  in  common  language  is  al¬ 
most  always  not  exhaustive  --  it  frequently  appeals  to  the 
experience  of  the  operator,  which  he  acquired  beforehand  — 
and  is  not  well-defined  —  at  different  stages  of  the  solu¬ 
tion  process  it  gives  the  operator  freedom  of  selection  of 
one  or  another  path  (moreover,  sometimes  the  selection  should 
be  made  as  a  function  of  the  signs  of  the  original  or  inter¬ 
mediate  results  clearly  not  formulated  in  the  rules).  Besides, 
the  formulation  of  the  problem  itself  is  not  exhaustive  and 
well-defined  in  mathematical  practice.  All  that  was  said 
pertains  in  particular  to  the  problem  of  proving  the  theorems 
of  any  solvable  theory:  the  very  formulation  of  the  theorem 
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is  usually  verbal  (inaccurate  and  not  well-defined  while  in 
the  course  of  the  proof  itself*  the  majority  of  intermediate 
stages  --  in  particular,  the  majority  of  logical  conclusions 
—  are  only  implied.  Briefly*  it  (Jan  be  said  that  in  the 
attempt  to  accomplish  machine  automation  of  a  portion  of 
mathematical  work,  we  encounter  the  fact  that  in  established 
mathematical  .practice  problems,  calculations,  predictions, 
and  conclusions  are  given  in  an  insufficiently  formalized 
form.  By  the  problem  of  algorithmization  we  understand  (as 
a  first  approximation)  the  further  formalization  of  the  mathe¬ 
matical  apparatus,  sufficient  for  its  realization  on  ROM’s. 
This  problem  turns  out  to  be  non-trivial.  On  the  other  hand, 
for  problems  of  an  entirely  different  type,  an  apparatus 
has  been  developed  during  the  last  decades  which  makes  it 
possible  to  approach  the  investigation  of  our  problem  from 
a  blank.  Precisely,  the  so-called  formalization  of  mathe¬ 
matical  and  logical  conclusions  was  undertaken  in  connection 
with  the  central  problems  of  the  bases  of  mathematics  for 
the  investigation  of  the  structure  of  axiomatic  mathematical 
theories  —  in  the  first  place,  arithmetic,  theory  of  groups, 
and  mathematical  logic.  Without  going  into  the  details  of 
these  complex  problematics  --  this  would  take  us  too  far 
away  —  we  will  state  only  several  words  how  such  a  formali¬ 
zation  will  appear  in  principle.  In  order  to  describe  any 
field  of  mathematics,  a  peculiar  "language"  is  introduced: 
a  certain  number  of  elementary  symbols  called  words}  mecha¬ 
nical  rules  are  given  which  make  it  possible  to  discern 
"intelligent  words"  of  the  given  field,  i«  e.,  those  which 
correspond  to  objects  of  the  given  theory  and  its  predictions} 
finally,  formulation  is  made  of  mechanical  rules  of  actions 
on  the  words  (for  example,  to  delete  a  certain  letter,  to 
write  in  a  certain  letter,  to  reposition  certain  letters,  to 
replace  a  certain  letter  with  another,  etc),  the  use  of 
which  in  a  definite  order  makes  it  possible  to  change  some 
words  into  others.  Tha  language  and  rules  are  built,  finally, 
in  a  manner  for  the  mechanical  actions  to  correspond  and 
reflect  a  certain  sapid  sense  which  we  have  in  mind  in  the 
given  case;  but  all  the  rules  should  be  formulated  so  that 
they  could  be  applied  to  symbols  without  consideration  of 
any  sapid  sense  (such  rules  are  called  syntactic  rules).  It 
has  been  known  for  a  long  time  that  presentation  is  made  in- 
precisely  such  a  form  of  arithmetic  actions  on  numbers  re¬ 
corded  in  any  system  of  numeration  or  identical  rearrangements 
of  rational  letter  expressions}  but  the  same  can  be  said  of 
other  formalized  mathematical  theories.  Those  mathematical 
problems  which  originate  in  the  examination  of  the  actions 
(according  to  given  rules)  on  words  are  combinatorial 
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problems  with  respeci  to  finite  systems  of  the  given  symbols. 
The  mathematical  discipline  called  metamathematics  deals 
with  the  study  of  the  problems  pertaining  thereto. 

Just  as  in  metamathematics,  so  in  the  practice  of  auto¬ 
matic  calculating  machines  —  which  is  of  interest  to  us 
in  the  first  place  --  we  have  in  general  outlines  the  follow¬ 
ing  situation  in  the  solution  of  the  problems:  all  the  data 
which  pertain  to  the  problem  under  examination  —  the  entire 
information  --  should  be  recorded  in  accordance  with  clearly 
formulated  rules  as  the  word  in  a  certain  alphabet;  each 
problem  is  included  in  a  certain  class  of  problems  (sometimes 
we  call  the  class  of  problems  as  common  problem)  and  the 
syntactic  characteristics  should  be  known  (that  is,  charac¬ 
teristics  pertaining  to  the  recording  and  not  to  the  sapid 
sense)  of  words  which  make  it  possible  to  characterize  all 
those  and  only  those  words  which  pertain  to  the  given  class 
of  problems;  such  a  syntactic  characterization  should  also 
be  known  for  the  class  of  words  which  correspond  to  the 
solutions  of  problems  of  the  given  class;  further,  it  is 
necessary  to  know  the  syntactic  rules  of  the  action  on  words, 
wMch  make  it  possible  to  process  any  word  representing  a 
specific  problem  of  the  given  class  into  a  word  corresponding 
to  its  solution.  The  selection  of  such  syntactic  rules 
will  be  called  the  algorithm  for  the  solution  of  problems 
of  the  class  under  examination,  £ince  in  the  practice  of 
ROM's  the  use  of  these  rules  takes  place  automatically  with¬ 
out  the  interference  of  man,  then  the  algorithm  itself 
should  be  formulated  in  a  well-defined  manner  in  a  certain 
standard  form  which  corresponds  to  the  engineering  data  of 
the  machine  (briefly  —  "in  the  language  of  the  machine”), 
as  the  word  in  a  certain  alphabet.  The  information  of  the 
rules  of  the  solution  of  the  common  problem,  expressed  in 
the  language  of t he  machine,  is  called  a  program. 

We  wish  to  note-  that  the  projected  system  includes  not 
only  the  automatic  solution  of  mathematical  problems;  it 
includes  also,  for  example,  the  problem  of  translation  from 
one  language  into  another.  The  translation  from  the  French 
into  Russian  will  appear  thus:  (1)  Class  of  original  words 
—  class  of  phrases  of  the  French,  recorded  in  the  Latin 
alphabet  (including  punctuation  marks  and  intervals  between 
the  words  of  a  phrase).  The  class  is  characterized  by  syn¬ 
tactic  rules  which  point  what  combinations  of  ’’letters"  are 
grammatically  correct  French  phrases.  (2)  Final  class  of 
words  --  class  of  Russian  phrases  recorded  in  the  Russian 
alphabet  and  syntactically  characterized  by  grammatical  rules. 
(3)  Algorithm—  clear  assignment  of  all  the  rules 
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(lexicographic  and  grammatical)  of  confottnance  between  the 
Russian  language  and  the  French. 

In  a  similar  manner*  it  is  possible  to  formulate  the 
problem  of  the  programming  and  others. 

And  so*  schematically  we  have  the  following  situation; 

(1)  The  common  problem  is  formulated.-  Each  specific 
problem  is  characterized  by  a  definite  word,  the  correspond¬ 
ing  common  problem  —  by  a  class  of  words  which  have  a  cer¬ 
tain  syntactic  characteristic.  A  group  of  words  having  this 
characteristic  will  be  designated  as  the  original  informa¬ 
tion  of  the  given  common  problem. 

(2)  It  is  necessary  to  find  the  solution  of  tie  common 
problem  (its  result).  It  is  also  characterized  by  a  class 
of  words  having  a  certain  syntactic  characteristic;  more¬ 
over,  for  each  specific  problem  there  corresponds  one  and 
only  one  word  of  this  class  --  the  solution  of  this  specific 
problem.  The  class  of  these  words  will  be  called  the  final 

( resultative )  information  of  the  common  problem. 

(3)  (a)  Formulation  is  made  of  the  mechanical  rules 
for  the  processing  of  the  words,  applied  to  the  original 
words  and  which  translate  each  of  these  into  the  final  word 
--  a  recording  of  the  corresponding  solution.  The  rules 
are  given  in  a  verbal  formulation.  The  combination  of  these 
rules  is  called  the  algorithm  of  the  solution  of  the  common 
problem. 

(b)  The  algorithm  is  formalized;  the  rules  (a)  are  for¬ 
mulated  as  words  in  a  certain  alphabet;  the  algorithms  for 
the  solution  of  all  possible  common  problems  are  given  as 
a  class  of  syntactically  definite  Words.  The  latter  are 
called  systems  of  algorithms  (or  programs  if  we  are  dealing 
with  ROM's). 

The  concrete  apparatus  of  the  formalization  of  the  com¬ 
mon  problems  (alphabet,  words,  syntactic  characteristics, 
syntactic  rules  of  action  their  "sapid  decoding"  etc)  will 
in  accordance  with  (1),  (2),  and  (3)  be  called  the  language. 

If  the  language  is  given,  then  the  problem  of  algorith¬ 
mization  consists  of  the  formulation  of  the  sapid  mathema¬ 
tical  problems  according  to  (1)  -  (3).  It  is  easy  to  explain 
to  oneself  that  each  type  of  a  universal  ROM  has  its  own 
language  which  depends  on  the  technical  data  of  the  machine; 
ordinary  programming  consists  of  the  algorithmization  of 
the  problems  in  the  language  of  the  definite  machine.  It  is 
to  note  that  the  types  of  universal  ROM's  are  rapidly  being 
improved  and  modified;  along  with  this,  their  language  will 
also  continue  to  change.  For  this  reason,  it  already  does 
not  seem  expedient  to  make  investigations  of  the  problem  of 
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algorithmization  as  applicable  to  the  language  of  any  exist¬ 
ing  machine.  To  this  it  is  necessary  to  add  various  other 
considerations; ,  The  language  of  any  concrete,  existing  machine 
is  stronglycomplicated  by  its  technical  limitation.  This 
limitation  can  be  transient  in  the  sense  that  this  or  an¬ 
other  technical  difficulty  is  obviated,  whereas  it  is  pre¬ 
cisely  this  that  complicates  the  algorithmization.  In  the 
second  place,  we  are  convinced  that  the  investigations  in 
the  field  of  algorithmization,  in  their  turn,  are  capable 
of  revealing  new  requirements  for  future  ROM’s  and  prompt 
new  ideas  for  their  realization.  All  these  considerations 
lead  to  a  situation  in  which  in  the  course  of  our  work  on 
the  algorithmization  of  problems,  three  basic,  closely  re¬ 
lated  directions  appear  gradually, 

(l(  The  problem  of  the  development  of  a  standard  lan¬ 
guage.  This  standard  language  should,  on  one  side,  reflect 
the  inherent,  non-transient  characteristics  of  the  existing 
ROM’s  and,  on  the  other  side,  it  should  be  adapted  to  the 
specificity  of  the  algorithmization,  i.  e.,  to  correspond  as 
closely  as  possible  established  practice  of  mathematical 
calculations  and  conclusions. 

(2)  F'or  an  already  selected  language,  to  algoritmize 
with  it  different  mathematical  (particularly  non-arithmetic) 
and  logical  problems. 

(3)  To  develop  an  algorithm  of  the  automatic  transla¬ 
tion  from  the  standard  language  to  the  specific  language 

of  the  concretely  given  -universal  ROM. 

All  three  problems  should  be  solved  parallel  because 
each  new  success  or,  conversely,  the  origin  of  fundamental 
or  practical  difficulties  in  the  solution  of  one  of  the  pro¬ 
blems  affects  substantially  the  solution  of  two  others.  As 
a  standard  language,  we  shall  for  a  time  stop  on  the  language 
of  normal  algorithms  by  A.  A.  Markov.  As  a  common  problem 
for  algorithmization  with  this  language,  a  problem  was  ar¬ 
ranged  for  the  recognition  of  logical  identities  in  the  theory 
of  predictions.  The  solution  of  this  problem  in  principle 
was  attained  (G.  G.  Lyubchenko,  Yu.  V.  Meytus).  At  the 
same  time,  I.  N.  Kovalenko  explained  the  principles  of  tran¬ 
slation  from  the  language  of  normal  algorithms  into  the  lan¬ 
guage  of  existing  command-address  ROM’s.  These  first  results 
indicated  in  which  direction  it  is  necessary  to  modify  the 
language  of  normal  algorithms  for  the  gradual  development 
of  the  standard  language,  necessary  in  the  algorithmization 
of  mathematical  and  logical  problems.  Moreover,  substantial 
aid  comes  from  an  examination  of  other  formalized  languages 
known  from  mathematical  logic  --  recursive  functions. 
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Turing  Machine;  etc.  and  formalisms  which  originated  from  pro¬ 
gramming  practice,  in  the  first  place,  from  the  system  Pro“ 
posed  by  A.  A.  Lyapunov  £V/  and  further  developed  by  Yu. 

I.  Yanov 

2.  Normal  Algorithms  by  A.  A.  Markov 

We  shall  dwell  briefly  on  the  language  of  the  Markov 
algorithms  and  examine  it  from  the  point  of  view  of  its 
suitability  as  a  standard  language  for  the  algorithmization 
of  problems©  It  rurns  out  that  from  this  point  of  view  it 
has  numerous  shortcomings.  (we  would  like  to  note  that  the 
criticism  pertains  to  the  Markov  apparatus  of  algorithms  as 
a  possible  language  for  the  actual  algorithmization  of  mathe¬ 
matical  and  logical  problems  and  in  this  it  is  necessary  to 
take  into  account  that  it  was  not  developed  for  this  purpose. 
As  proof  of  the  algorithmic  insolvability  of  mass  problems, 
the  apparatus  of  the  normal  algorithms  has  numerous  merits; 
for  fundamental  problems  of  such  a  type,  it  is,  apparently, 
the  most  convenient  of  the  apparatus  (recoursive  functions; 
Turing  machines,  etc.  known  up  to  now.)).  We  do  not  intend 
to  present  in  detail  the  entire  theory  by  A*  A.  Markov,  but 
shall  limit  ourselves  only  to  its  elementary  portion;  more¬ 
over,  equally  to  the  extent  in  which  it  is,  in  the  given  case, 
necessary  to  us;  those  who  are  interested  in  more  detailed 
information  are  referred  to  the  monograph  by  A.  A.  Markov 

^~4“^The  language  in  which  the  algorithms  are  constructed 
are  determined  by  the  following  original  concepts.  A  cer¬ 
tain  selection  of  symbols  is  given  —  letters  called  an 
alphabet.  Any  finite,  linearly  situated  sequence  of  letters 
is  called  a  word;  in  particular,  it  is  permitted  to  examine 
blank  sequence  of  letters  —  a  blank  word  (we  will  designate 
it  by  a).  It  is  agreed  in  what  manner  in  the  given  alphabet 
a  recording  (or  coding)  is  made  of  those  maghematical  objects 
to  which  it  is  intended  to  apply  the  algorithms  (moreover, 
it  is  not  mandatory  for  each  word  to  be  a  recording  of  a 
certain  object). 

We  shall  give  several  examples  of  how  it  is  possible  to 
code  elementary  mathematical  objects. 

It  is  customary  to  record  natural  numbers  in  the  decimal 
system.'  This  means  that  it  is  possible  to  select  numbers  as 
letters,  i.  e.,  an  alphabet  consisting  of  the  symbols  0,  1, 

2  3  4,  5,  6,  7,  8,  9.  The  recording  of  any  natural  number 
will  then  be  any  word  the  first  letter  of  which  differs  from 
0. 
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If  it  is  agreed  instead  of  this  to  use  for  the  re¬ 
cording  a  binary  system,  then  the  two-letter  alphabet  C,  1 
is  selected  as  the  alphabet.  For  theoretical  considerations 
it  is  simpler  to  record  the  natural  numbers  (including  0) 
in  a  single-letter  alphabet  consisting  of  an  indifferent 
sign  —  for  example  | ,—  to  record  the  natural  number  n  by  a 
word  consisting  of  n  letters  equal  to  f,  i.  e. ,  1— j,  2 — 1 1,‘  3— } || 
etc.  Ve  shall  select  precisely  the  latter  recording  for 
further  use. 

For  coding  whole  numbers,  A.  A.  Markov  proposes  the 
use  of  an  alphabet  of  the  letters  {-*»  I  }.  for  recording  ra¬ 
tional  numbers  —  the  alphabet  {*-,/,  j),  ,  Then,  for  example 

the  number  —  2/3  will  be  coded  easily  by  the  understand¬ 
able  recording  -nnn 

For  coding  numerical  vectors  (of  rational  numbers) 
i.  e.,  pairs  of  numbers,  triplets  of  numbers,  etc,  it  is 
necessary  also  to  add  to  the  Eaphabet  for  the  recording  of 
the  numbers  a  certain  new  sign  —  "separatory  sign”  —  for 
example  the  sign*.  Then  the  pair  (correspondingly  a  trip¬ 
let)  of  rational  numbers  can  be  recorded  in  the  form  A*B 
( correspondingly  A*B*C),  where  A,  B,  0  are  the  recordings 
of  the  corresponding  numbers.  By  means  of  an  alphabet 
which  includes  one  more  separatory  sign  it  is  possible 
to  record  the  matrices.  And  precisely,  the  matrix  can  be 
regarded  as  a  sequence  of  lines  and  each  line  as  a  numeri¬ 
cal  vector;  in  order  to  separate  the  lines,  it  is  possible 
to  use  ©.  as  a  separatory  sign.  Then,  for  example,  the 
matrix  ,0,  2\ 


will  be  recorded  thus;  *  j|  j  /  j|*  _  j 

For  the  future  it  is  useful  to  note  that  ordinary  re¬ 
cordings  of  rational  letter  expressions  can  be  regarded  as 
words  in  an  alphabet  consisting  of  letters  (let  us  say, 
small  Latin  letters),  of  an  alphabet  for  numbers,  of  the 
sign  !  and  the  brackets,  (,). 

The  reader  can  easily  clarify  to  himself  how  it  is 
possible  to  code  also  other  mathematical  objects.  (PLeal 
and  complex  numbers,  as  they  are  understood  in  the  classi¬ 
cal  analysis,  continuous  functions,  and  other  objects  of 
analysis  cannot  be  coded  in  a  similar  manner.  In  order 
to  make  such  coding  possible,  it  is  necessary  to  narrow 
these  concepts.  The  problems  pertinent  to  this  are  dealt 
with  in  a  new  mathematical  field  called  constructive  analy¬ 
sis.  We  shall  not  touch  upon  these  problems  here  despite 
the  fact  that  they  are  very  real  also  for  the  theory  of 
algorithms  and  will  no  doubt  play  a  large  role  in  its  fur¬ 
ther  development . ) 
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By  algorithm  is  understood  the  generally  accepted 
and  fully  well-defined  instruction  how  in  what  sequence  to 
process  the  recording  of  the  original  information  in  order 
to  obtain  recordings  of  the  final  information  —  the  sought 
for  solution.  auch  algorithms  are,  for  example,  the  rules 
of  addition  or  multiplication  of  natural  numbers  recorded 
in  the  decimal  system,  rules  of  extracting  the  square  root, 
multiplication  of  matrices,  rearrangements  of  entire  ra¬ 
tional  expressions  by  removal  of  the  barackets  and  reduc¬ 
tion  of  homogeneous  members  (j'ust  as  we  are  taught  in 
school)  many  others.  All  these  rules  are  such  that  in  their 
formulation  one  encounters  exclusively  the  characteristics 
of  words  and  not  the  objects  defined  by  them,  i.  e«,  exclu¬ 
sively  the  syntactic  characteristics.  Nevertheless,  the 
sense  of  the  expression  "generally  accepted  instruction" 
is  insufficiently  clear  and  without  further  refinement  can¬ 
not  serve  as  the  basis  of  purely  automatic  action.  It  is 
natural  to  require  that  any  such  instruction  should  repre¬ 
sent  a  sequence  of  descriptions  of  certain,  sufficiently 
elementary  actions  each  of  which  could  actually  be  accom¬ 
plished  automatically  and,  in  particular,  could  be  perform¬ 
ed  by  a  certain  machine.  Refinements  of  such  a  type  were 
proposed  by  different  authors;  one  of  the  best  known  of 
these  pertinent  algorithms  —  "Turing  machine"  —  repre¬ 
sents  a  system  of  action  proposed  by  A.  A.  Markov  and 
designated  by  him  as  the  "normal  algorithm"  (abbreviated  n. 
a.).  This  is  what  it  involves. 

The  operation  of  connection  has  been  defined  for  the 
words:  the  connection  of  the  given  words  P  and  Q  —  this  is 
a  word  obtained  by  adding  on  the  right  the  word  Q  to  the 
word  P\  this  is  designated  by  It  is  said  that  the 

word  A  enters  into  the  word  X,  if  x  is  represented  as  the 
union  of  the  type 

X~YAZ.  (i) 

For  the  word  X  there  are  possible,  generally  speaking,  such 
different  representations:  ih  accordance  with  this,  one 
speaks  about  the  different  entries  of  A  into  X  .  The  entry 
is  called  the  first  if  the  word  Y  is  the  shortest  for  all 
possible  representations  of  the  type  (1). 

As  an  elementary  operation  for  n.  a.,  A.  A,  Markov 
selects  the  substitution  of  a  certain  given  word  B  instead 
of  the  first  entry  of  the  given  word  A  (this,  operation  is 
recorded  A~+S).  More  accurately,  if  X*»YAZ  (with  the 
shortest  Y>*  then  the  application  of  the  operation^—1 *B  to 
the  word  X,  changes  the  latter  into  the  word  YBZ. 

N.  a.  in  its  turn  is  determined  by  the  system  which 
consists  of  the  sequence  of  formulas  of  the  type 


<*> 


A,  *  Bv 
A.—*  Bt, 


K- 


This  system  describes  the  rearrangement  of  the  given  word 
X  according  to  the  following  rule:  (a)  there  is  such  a 
first  (counting  up  from  below)  formula  that  its  -eft:  P°r“ 
t ion  enters  into  the  word  under  examination  ^ 

this  be  the  formula  A,  — then  (b)  instead  of  the  Jt-iv/fc 
entry  A.  in  X,  #iis  substituted;  a  certain  word  xt;  is  ob¬ 
tained;  (c)  one  proceeds  with  the  word  *,just  as  with  the 
lUTxl  etc:  (d)' 'if  at  a  certain  *•  stage  not  one  of  the 
left  portions  of  the  formulas  of  the  system  enters  into -X*. 
then  the  process  ceases  and  A"*  is  considered  the  result  of 
the  amplication  of  the  n.  a,  S  to  the  wordY  . 

~A  certain  complication  of  the  system  of  the  n,  a*  is 
foreseen:  some  formulas  of  the  system  are  ^ 

siv*z  they  are  recorded  as  In  the  description  of 

the  action  of  n.  a.  with  a  system  containing  conclusive 
formulas,  it  is  agreed  that  the  algorithm  ruptures  as  soon 
as  a  conclusive  formulas  is  applied  and  the  resulting  word 
is  considered  the  result  of  the  action  of  the  algorithm. 

Example  1.  The  n.  a.  for  the  calculation  of  the 
absolute  value  of  the  difference  of  two  natural  numbers. 

The  purpose  of  the  algorithm  is  to  process  the  recording 
of  a  pair  of  natural  numbers  n*m>  where  *  and  m  are  »he  re¬ 
cording  of  the  numbers  in  the  alphabet  _{|}.  into  the  re  j  - 
ing  of  the  absolute  value  of  their  difference.  Tne  corres¬ 
ponding  n.  a.  is  given  by  the  system 


1*1 

* 


A. 


Example  2.  Discernment  of  corrects  constructed  ra¬ 
tional  letter  expressions.  - 

The  alphabet  consists  of  a  certain  number -of  Latin 

letters,  for  example,  a,  b,  c  and  of 
+  .  — ,  x,  {,)»<>.  A  correctly  constructed  formula  is  deter¬ 
mined  inductively,  as  a  word  in  this  alphabet: 

(1)  a  blank  word  and  single-letter  words  a,  b,  c,  are 

in  essence  ihe  f omnAil&sj 

(2)  If  A  and  B  are  in  essence  the  formulas  and  A  =£. a, 
B* A  then  the  words(A+fl),  (A-B)-(AxB)are  formulas; 

m  a  word  is  a  formula  only  when  it  is  m  accordance 

vjt  is  necessary  to  find  the  n.  a.  which  discerns 
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words  that  are  formulas,  i.  e.,  such  a  n.  a.  which  processes 
word-formulas  (and  only-  these)  into  a  blank  words . 

An  example  of  the  sought-for  n.  a.  is  the  following: 

b  -*«, 

c  — >  <|} 

- *  r>, 

(flftfl)  — >  <J-J 

— ►A. 


Ve  recommend  to  the  reader  to  clarify  to  himself  with  the 
examples  the  action  of  this  n.  a.  and  to  prove  that  it  pre¬ 
cisely  solves  the  given  problem. 

According  to  the  Markov  principle  of  normalizations, 
any  algorithm  is  equivalent  to  a  certain  n.  a.;  in  other 
words,  if  for  the  solution  of  a  certain  problem,  it  is  pos¬ 
sible  to  point  out  also  the  n.  a.  which  leads  to  the  same 
solution.  On  the  other  hand,-  it  is  not  difficult  to  point 
out  an  algorithm  which  changes  the  system  of  the  n.  a,  in¬ 
to  a  program  of  ordinary  command-address  ROM's.  (SuoJa  an 
algorithm  was  pointed  out  by  I.  N.  Kovalenko  in  an  obvious 
form.)  Thus,  in  principle,  the  language  of  the  Markov 
n.  a,  can  be  selected  as  the  standard  language  for  the 
algorithmization  of  problems.  But  only  in  principle  —  in 
practice  this  language,  in  the  form  in  which  it  was  deve¬ 
loped  by  A.  A.  Markov,  is  entirely  not  suitable.  One  can 
easily  become  convinced  of  this  with  examples  of  the  con¬ 
struction  of  even  very  simple  arithmetic  and  non-arithme¬ 
tic  problems.  We  shall  indicate  the  basic  shortcomings 
of  the  n,  a.  which  occurred  in  the  attempt  to  utilize  them 
for  the  solution  of  the  problems  of  interest  to  us;  in  the 
next  paragraph  we  shall  point  out  those  changes  which  are 
projected  for  the  elimination  of  these  shortcomings.  It 
seems  to  us  that  there  are  three  substantial  shortcomings; 
these  do  not  depend  on  one  another. 

(1)  The  Markov  n.  a.  does  not  have  the  concept  of 
"memory”  and  thereby  the  n.  a,  for  the  solution  of  any 
kind  of  problem  is  by  its  structure  very  far  from  the  cor¬ 
responding  program  for  command-address  ROM’s.  The  change 
of  the  n.  a.  to  such  a  program  is  fundament ally  possible 
as  this  was  already  pointed  out,  but  in ‘practice  it  turns 
out  to  be  rather  complex  while  the  resulting  program  is 
practically  unrealizable  due  to  the  limitation  of  the 
operative  memory  of  the  ROM’s. 
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(2)  Then  n,  a.  is  not  economical;  even  for  entirely 
non-complex  problems  the  corresponding  n.  a.  become  exces¬ 
sively  cumbersome;  their  systems  contain  hundreds  and  thou¬ 
sands  of  formulas  of  substitutions  and  it  is  easy  to  become 
convinced  that  intermediate  words  of  very  great  length  will 
occur  in  the  course  of  the  worli  of  the  algorithm. 

(3)  Complexity  of  construction  of  compositons  fortne 
n.  a.  In  the  construction  of  an  algorithm  for  the  solution 
of  a  certain,  sufficiently  complex  problem  in  any  kind  of 
given.  i3Hguag€;f  i*t  is  natural  to  dismember1  the  problem  in— 
to  various,  more  simple,  more  elementary  ones  and  to  con-^ 
struct  algorithms  for  these  latter  and  to  shape  the  sougnt- 
fOT'  algorithm  for  the  entire  problem  as  a  certain  system 

of  successive  applications  of  '’partial  algorithms.”  Proa 
the  compilation  of  such  a  system  it  is  natural  to  start 
algorithmization  in  any  language;  in  particular,  this  is 
the ‘procedure  in  compiling  the  program  for  ROM’s.  One  of 
the  most  important  requirements,  which  it  is  necessary  to 
imnose  on  a  standard  language,  is  that  the  final  algorithm 
for  the  solution  of  a  complex  problem  should  be  constructed 
simply  and  economically  from  partial  algorithms.  The  lan¬ 
guage  of  the  n.  a.  satisfies  this  requirement  in  an  entire¬ 
ly  insufficient  measure,  Fundamentally ,  this  problem  is 
solvable  and  the  greater  portion  of  the  monograph  by  A.  A. 
Markov  deals  with  the  solution  of  the  corresponding  ques¬ 
tions.  In  particular,  the  following  problems  are  solved; 

(a)  Let  the  two  n.  a.  $  and  89. be  given.  It^is  pos¬ 
sible  to  construct  the  n.  a.  g.  equivalent  to  80,  ♦  i»  ©*» 
it  leads  always  to  the  same  result  as  the  algorithm  ana 
consists  of  the  application  of  the  algorithm  to  the  given 
word  and  of  the  algorithm  81,  to  the  result  of  the  action  ox 

the  latter*.  ,,n  a 

(b)  Let  8*  and  ©  be  two  n.  a.  It  is  possible  to  con¬ 

struct  an  n.  a.  which  processes  any  word  X  into  a  pair  of 
words  « (X)«®  (X)i  where  81  (X)  and  ©  (X)  -  is  the  result  of  the 
application,  respectively,  of  81  and  89  to  the  words  a  and* 
is  a  certain  separatory  sign.  . 

(c)  Let  81,  89,  ®  —  be  three  n.  a.  and  X-  is  a  certain 

“discerning”  n.  a.,  i.  e,,  and  n,  a.  which  processes  the 
given  words  X' into  a  blank  or  non-blank  word  depending  on 
whether  the  word  X  does  or  does  not  have  a  certain  syntac¬ 
tic  property  W.  . 

Then,  it  is  possible  to  construct  the  n.  a.$.  which 
acts  as  an  algorithm  of  the  following  type:  at  first  the 
algorithm  »;acts  on  the  given  words  X  ;  if  the  result 
has  the  property  W  then  it  is  processed  by  means  of  89,  if 
not,  then  in  accordance  with  & 

(a)  Finally,  the  n,  a.  «,  is  constructed  which 
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fulfills  the  repetition  of  the  given  algorithm  %  until  a 
certain  property  W  appears  and  which  is  discernible  by  a 
certain  n.  a."& 

By  means  of  the  idicated  procedures,  it  is  possible 
in  principle  to  solve  the  above  indicated  problem  of  com¬ 
bining  the  simple  n.  a.  into  complex  ones  in  accordance 
with  the  given  system.  But  in  practice  the  sought-for  com¬ 
plex  n.  a.  becomes  rapidly  very  cumbersome  and  in  the 
.course  of  its  work  new  words  of  great  length  appear?  be¬ 
sides,  the  compilation  of  a  complex  n.  a.  in  accordance 
with  the  given  procedures  becomes  practically  unrealizable 
very  rapidly. 

3 .  Algorithms  which  are  Determined  by 
Graph-Systems 

1.  Formal  Description  of  a  Graph-System 

By  graph-system  T  we  understand  a  mathematical  object 
described  in  the  following  manners 

A  certain  finite  selection  of  objects  is  given 

*=»■($„ 

these  are  called  operators,  and  a  certain  second  finite  se¬ 
lection  of  objects  called  discriminators 

<b »{<!»,.  .... 

The  graph-system  r  or,  more  accurately,  graph- 

system  (for  the  given  selections  of  operators  *  and  discri¬ 
minators  <&)-—  is  a  finite,  connected  and  directed  linear 
complex,  i.  e.,  a  finite  number  of  points  (joints)  some 
of  which  are  joined  by  directed  segxaents  (arrows)  and  such 
that,  starting  from  any  point,  it  is  possible  to  reach  any 
other,  following  along  these  segments  (not  mandatorily  al¬ 
ways  in  the  direction  of  the  arrow)  and  which  satisfied  the 
following  conditions:  , 

(lj  One  joint  of  the  complex  is  marked  and  called 
the  input  (B);  the  input  is  the  only  joint  in  whioh  not  a 
single  arrow  ends:  exactly  one  arrow  emanates  from  the  in¬ 
put. 

(2)  The  complex  has  one  noted  joint  called  the  out¬ 
put  (8)j  not  one  arrow  emanates  from  the  output . 

(3 )  For  each  joint  which  differs  from  the  input  and 
output  is  compared  in  a  well-defined  manner  either  with  a 
certain  operator  —such  a  joint  will  be  called  a  W- 
joint  —  or  a  discriminator  '■<&/.  ;  then  we  will  speak' about 
the  <t>-  joint  (it  is  not  necessary  that  each  operator  Sli 
and  each  discriminator  be  compared  with  a  certain  joint; 


on  the  other  hand,  certain  operators  or  discriminators  can  ' 
he  compared  with,  several  different  joints).  Moreover: 

(a)  if  «  is  a  -joint,  then  only  one  arrow  will 
emanate  from  it; 

(h)  if  a  is  a  O— joint,  then  exactly  two  arrows  will 
emanate  from  it;  these  are  noted,  respectively,  hy  plus 
and  minus. 

This  ends  the  formal  description  of  the  graph-system. 
We  shall  now  pass  on  to  the  sapid  description  of  the  $(-<*>_ 
algorithm  given  by  the  graph-system. 

2.  Theoretical  plural  interpretation 

Por  the  given  selections  aud 

?={CV  0>t . of  each  ®*<P-  -graph-system  can  he  compared 

in  a  well-defined  manner  with  a  "algorithm"  for  the  calcu¬ 
lation  of  a  certain  function  if  one  interprets  the  operators 
as  reflections  of  a  certain  mass  in  itself  and  the  dis¬ 
criminators  —  as  operations  which  discern  certain  charac¬ 
teristics  of  elements  and  accomplish  the  application  of 
some  or  other  reflections  to  the  element  depending  on 
whether  this  element  has  the  given  characteristic  or  not. 

We  shall  give  a  strict  determination  of  the  -al¬ 

gorithm.  for  the  given  interpretation. 

Let  and  <t>M)  -  he  the 

given  selection  of  the  operators  and  discriminators.  By 
interpretation  of  these  selections  is  meant  the  followings 
a  certain  mass  M\  is  given;  each  operator  is  compared 

with  the  reflection  44  of  the  mass  m  in  itself  (the  com¬ 
parison  is  not  mandat orily  mutually  well-defined; . it  is 
assumed  that  the  same  reflection  corresponds  to  different 
operators  );  for  each  discriminator  <S>  there  corres¬ 
ponds  a  certain  characteristic  FJ:  of  the  elements  of  the 
mass  M  .•  Moreover,  as  is  usual,  hy  the  characteristic  of 
Fj  of  the  elements  is  understood  the  break-up  of  the  mass 
M  into  two  non-intersecting  submasses: .  FJ  (its  elements 
are  called  elements  having  the  characteristic  Fj)  and  Fy 
(the  mass  of  elements  not  having  the  characteristic  F,  ); 
one  of  the  masses  Ft  or  FJ,  can  he  blank.  The  comparison 
of  the  discriminator  *t'j  with  the  characteristic  of  F}  is 
not  mandatorily  mutually  in  a  well-defined  manner. 

The  interpretation  of  the  selections  SC  and  is  deter¬ 
mined  hy  the  assignment  of  the  mass  M  and  the  conformities 
<1),  —*■  Fj.  .  We  shall  designate  such  an  interpreta- 

t  ion*  by  {M.  «  —  <D  —  F\.  . 

Let  a  certain  interpretation  {Af;  W— *A\ G>— he 
given.  Then,  any  graph-system  can  he  regarded  as  a 

well-defined  instruction  for  the  fulfillment  of  a  certain 
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action,  as  a  result  of  which  certain  elements  from M  will  ? 
change  into  new  elements  from  M.»  We  accomplish  this  ac¬ 
tion  thus; 

let  the  element  proceed  to  the  input  of  the  sys¬ 

tem?  after  this,  it  runs  through  the  system,  following  the 
arrows,  changing  every  time  it  passes  through  a  ft— joint. 
This  run  takes  place  in  accord  with  the  following  rule. 

(a)  It  is  assumed  that  the  starting  element  'm  has 
; already  passed  into  a  certain  element  mf  and,  following  the 
arrow,  has  entered  into  the  joint  «•  ,  compared  with  the 
operator  %i\  ;  then,  the  element  continues  its 

path  along  the  only  arrow  which  emanates  from  a 

(h)  let,  as  above,  the  rearranged  element  m'  proceed 
into  a  certain  joint  «,  noted  by  the  discriminator  %  \  then 
the  same  element  m‘  abandons  this  joint  along  the  arrow 
noted  by  a  plus  or  minus,  depending  on  whether  «'  has  or 
does  not  have  the  characteistic  of  Fj-  _ 

(c)  If  at  a  certain  stage  the  changed  element  m 
proceeds  to  the  output,  then  we, will  consider  that  the  m  is 
the  result  of  the  application  of  the  algorithm  deter¬ 

mined  by  the  '%  <P-  graph-system  r  for  the  interpretation 
{MiK-rA;  and  we  will  make  use  of  the  recording 

m=*  r (?»)*)■.  (Since  we  used  the  letter  r  to  designate  the  graph- 
system,  x-zhile  the  determination  of  the  corresponding  algo¬ 
rithm  includes,  besides  this,  the  assignment  of  interpreta¬ 
tion,  then  the  designation  ?(»»),  generally  speaking  has  no 
sense? ^but  for  the  sake  of  brevity,  we  will  sometimes  drop 
the  reference. to  the  interpretation  when  such  carelessness 
in  the  recording  cannot  lead  to  a  misunderstanding, ) . 

It  is. easy  to  explain  to  oneself  that  for  the  given 
interpretation  the  graph-system  describes  in  a  well-defined 
manner  the  function  determined  in  M,  with  the  values  in  M. 

We  wish  to  underscore  that,  generally  speaking,  an  algo¬ 
rithm  thus  determined  does  not  lead  for  each  mg M  to  a  final 
result?  in  the  general  case,  the  function  is  determined  in 
M,  but  not  on  At< 

The  very  trivial  example  of  such  a  phenomenon  is 
given  by  the  following  graph-system:  the  mass  of  operators 
%  is  blank,  the  mass  of  discriminators  consists  of  one 
element Fig  1).  It  is  quite  obvious  that  for  any  interpre¬ 
tation  of  d>— *Ffche  corresponding  algorithm  will  change  each 
element  of  m$M,  which  has  the  characteristic/'’,  into  itself, 
whereas  for  each  element  which  does  not  have  the  character¬ 
istic  of  F  the  action  of  the  algorithm  will  never  be  inter¬ 
rupted  and  will  not  lead  to  any  result,  "  In  the  second  oase 
we  will  state  that  the  corresponding  algorith  r  is  not 
applicable  to  the  element  m  and  we  shall  consider  the  value 
of  f(m) indeterminate. 


s 

■I 


<p 

+ 


D 


T 

•*, 

1 

■ 

l  9 

Fig  1 


Fig  2 


Fig  3  Fig  4  Fig  5 


We  shall  give  several  of  the  most  simple  examples  of 
algorithms  described  by  graph-systems: 

'!)  "To  apply  operator  "  (Fig  2), 

2)  "To  apply  operator  while  to  the  resuxb  —  the 

operator  "  (Fig*  3*),  in  particular  "the  iteration  of  opera¬ 
tor  "  binary  (Fig  4),  ternary  (Fig  5)  etc. 

Conditional  iteration  —  "To  apply  operator  fi  ^ 
element  acquires  the  characteristic  of  *h  "(iig  o). 
(4)  "To  apply  to  the  element  m€ M  the  operator 
depending  on  m c  FT  or 


(3 ) 

until  the 


or 


The 


mi  Ft  or  tnZFl'  (Fig  7)» 

reader  can  compile  easily  such  and  more  complex 

examples.  ,  ,  .. 

We  wish  to  note  that  by  algorithm  we  unders"cana  to 

action  described  by  the  graph-system  and  not  the  function^ 
in  M .which  is  accomplished  by  the  application  of  these  ruo.es » 
It  5s  easy  to  explain  to  oneself  that  for  the  given  inter¬ 
pretation  it  is  possible  that  the  algorithms  described  by 
different  graph-systems  will  for  any  mlZM  lead  to  the  same 
results,  i.  e.,  different  graph-systems _ can  accomplish  ohe 
same  function;  then  we  shall  call  the  given  algorithms 
equivalent.  More  accurately:  let  {M;  9~*A ;  <J>-* ■f'}—  be  a 
certain  interpretation  of  the  selections  %  ana  '*'•»  T1!0  al¬ 
gorithms  described  by  the  -graph-systems  r,  and  *Y 

are  considered  eovtivalent  for  the  given  interpretation  of 
(r,<N>f,  f0r  {M)  <£-*.#•;),  if  for  any  we  have 

r,{m)*rr,(m)-.  the  latter  equality  should  be  understood  in 
the  sense  that  both  elements  rt(m)  and  T ,(m)  are  either 
identical  or  both  elements  r, <m>  and  !'*(»)  are. not  deter¬ 
minate.  This  determination  of  equivalence  depends, 
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obviously ,  on  the  very  graph-systems  of  and  as  -well 
as  on  the  given  interpretation  of 

One  can  easily  point  out  the  selections  <&  and 
such  of  their  interpretations  that  the  establishment  of  . 
equivalence  of  the  algorithms  corresponding  to  different 
graph-systems  turns,  out  to  be  an  algorithmically  unsolyable 
mass  problem  (see  Actually,  as  we  shall  see,  in 

definite  interoretations  certain  -alogorithms  oan  be 

reduced  to  Harkov  n.  a.  (for  other  interpretations  —  to 
Turing  machines  or,  finally,  to  partial-recursive  func¬ 
tions  ji  the  problem  of  equivalence  for  the  *•<!»-  algorithms 
reduces  itself  then  to  the  corresponding  problem  for  n.  a. 
the  latter,  however,  as  is  known,  genei’ally  speaking  is 
algorithmically  unsolvable. 

Along  with  such  a  determined  equivalence  it  is  natural 
to  regard  a  stronger  equivalence-.  Namely,  we  will  state 
that  the  graph-systems  T,  and  ra  are  strongly  equivalent 

if  for  any  interpretation  their  corresponding  algo¬ 
rithms  are  equivalent  in  the  above  indicated  sense.  Strong 
eauivalence  is  the  equivalence  of  the  graph-systems  them¬ 
selves?  it  does  not  depend  on  the  interpretation.  The 
establishment  of  strong  equivalence  of  two  S(-a>-  graph-sys¬ 
tems  is  a  more  simple  problem.  It  is  analogous  to  the  cor¬ 
responding  problem  regarded  by  Yu,  I.  Yanov  (_  5_y;  we  are 
planning  to  return  to  this  question  shortly.  In  the  mean¬ 
time,  it  is  clear  that  the  establishment  of  .ordinary  equi¬ 
valence  is  practically  more  important;  this  problem,  in 
particular,* naturally  arises  in  searching  for  the  "most 
advantageous”  in  any  reasonable  sense )  algorithm  for  the 
solution  of  one  or  another  problem. 

for  a  graph-system  it  is  possible  to  introduce  the 
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operation  of  ''substitution  of  a  graph-system  into  a  graph- 

"  This  operation  makes  it  possible  in  an  entirely 
warmer  to  accomplish  the  composition  of  algorithms 
and  one ns  the  possibility  of  developing  a  unique  algeora 
of  algorithms,"  The  problems  pertinent  to  this  have  so  far 
only  been  noted.  But  from  the  very  first  steps,  it  is  al¬ 
ready  seen  that  it  will  possible  to  attract  to  the  solu¬ 
tion  of  the  occurring  problems  various  sapid  am  already 
sufficiently  developed  mathematical  disciplines:  m  tne 
: first  Place,  the  algebra  of  logic,  the  theory  of  propor¬ 
tions,  the  narrow  calculation  of  predicates,  and,  pernaps, 
the  theory  of  models,  the  theory  of  recursive  functions, 

e-bC*  The  operation  of  substitution  is  "tilusL  , 

let  the  selections  *  ■  V*  and  <*>«•  •  •  ■  • 

be  given  and  let  there  be  two  #-<&-  -graph-systems  i  and  , 
rt*.  We  shall  separate  in  r,  the  entries  ox  one  ox  the 
operators  H*.  and  substitute  instead  of  each  such  entry  ^ the 
entire  ^raph-svsteia  r*  (having  eliminated*  of  course,  in 
the  latter  its"  input  and  output).  The  substitution  of  the 
system  r*  instead  of  the  operator  *{i  will  lead  anew  to  the 

-graph-system.  .  ,  .. 

It  would  be  logical  and  useful  to  introduce  the  oper¬ 
ation  of  the  substitution  of  the  graph-systems  in  place  ot 
the  ^-joints,  but  on  the  basis  of  the  concepts  introduced 
up  to  now,  it  is  not  possible  to  give  such  a  determination. 
Bor  this  it  would  be  necessary  to  expand  somewhat  the  ap¬ 
paratus  of  the  graph-system.  We  wish  to  point  out  only 

two  natural  paths  in  this  direction,  _  _  . 

In  any  case,  it  is  necessary  to  expand  the  concept  or 
graph-systems.  We  shall  a  graph-system  of  the  second  type 
an  object  determined  just  as  this  was  done  m  point  1  in 
the  formal  description  of  the  graph-system,  with  only  tne 
difference  that  in  point  (2)  not  one  but  two  outputs  0 
and  8"-  are  specified;  determinations  of  the  interpretation 
and  action  of  the  algorithm  according  with  the  graph-sys¬ 
tem  also  remain  unchanged.  ,  .. 

Algorithms  described  by  graph-systems  Ox  the  second 
tvpe  could  accomplish  the  operation  of  ” discrimination  of 
the  characteristics  of  the  elements  on  the  basis  _ 

the  action  of  the  given  operators  #  and  $• .  x'or  ohe  graph- 
svstem  r  of  the  second  type  it  would  have  been  possible 
to  determine  in  a  natural  manner  the  operation  or  substi¬ 
tution  of  such  a  system  instead  of  the  entry  of  aiscrimi-^ 
nators.  There  are  no  difficulties  at  the  level  of  the  - 
mal  description  of  the  graph- systems. 

It  is  another  matter  at  the  level  of  uhe  sapid  descrip¬ 
tion  of  the  algorithm;  here,  a  substantial  non-conformance 
is  obtained.  Actually,  if  the  graph-system  r  of  the 


second  type  is  substituted  instead  of  the  entry  of  the  dis¬ 
criminator  then  in  discriminating  the  characteristics  of 
the  element  at fed  to  it,  it  will  feed  to  the  outputs  «+  or 
8"  ,  generally  speaking,  not  the  element  TO> but  the  element 
r(m).  rearranged  by  it.  Thus,  the  action  of  the  algorithm 
described  by  the  graph-system  r  of  the  second  type  does 
not  fully  correspond  to  the  sapid  sense  of  the  discrimina¬ 
tor  #i.  . 

In  order  to  eliminate  the  non-conformance  which  takes 
‘place,  two  paths  are  projected? 

(1)  One  can  expand  the  sapid  sense  of  the  discrimi¬ 

nators  <P,  ,  assuming  that  in  the  interpretation  of  <$-,  joint 
accomplishes  simultaneously  also  the  discrimination  of  a 
certain  characteristic  and  the  rearrangement  of  the  element 
entering  therein  in  accordance  with  a  certain  reflection. 
Such  a  modification  of  the  sense  of  the  discriminator  would 
make  it  possible  to  eliminate  the  above  indicated  non-con¬ 
formance  without  changing  thereby  the  formal  determination 
of  the  graph-system.  But  this  complicates  substantially 
the  sapid  description  of  the  action  of  the  algorithm  in 
accordance  with  the  given  graph-system  and  thereby  disturbs 
the  logical  order  of  the  theory.  .  : 

(2 )  The  second  path  which  is  suggested  and  which 
seems  to  us  more  promising  could  consist  of  the  introduc¬ 
tion  into  the  graph-system.,  along  with  the  already  deter-: 
mined  elements  (input,  output,  joints,  and  arrows)  of  cer¬ 
tain  new  elements  which  accomplish  the  storage  of  informa¬ 
tion  (i*  e.,  at  the  given  level  of  the  sapid  description 
—  which  retain  certain  elements  from  ^-developed  in  the 
course  of  action  of  the  algorithm)  and  which  transmit  this 
information  in  accordance  with  definite  laws  for  definite 
stages  of  the  action  in  certain  joints.  Then  the  algorithm 
which  corresponds  to  the  graph-system  of  the  Second  type 

c ould  be  supplemented  by  a  similar  element  of  memory  so 
that,  as  a  result  of  the  work  of  the  algorithm,  the  original 
element  ,«  would  be  restored  at  the  output  a+  or  cr  depending 
to  which  of  these  two  outputs  the  result  of  the  action  of 
the  algorithm  in  accordance  with  the  grajdirsystem  proceeded. 

The  most  rational  method  of  introducing  such  elements 
of  memory  into  the  graph-system,  moreover,  in  such  a  manner 
as  to  retain  the  possibility  and  sense  of  the  operations  of 
the  substitutions,  is  an  important  but  not  yet  solved  .ques¬ 
tion.  V/e  propose  this  question  to  the  attention  of  the 
reader,  while,  because  of  the  above  indicated  difficulties, 
we  refrain  from  the  introduction  of  graph-systems  of  the 
second  type. 
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Constructive  Harkov  Interpretations  of  Graph-Systems 
«4>-  algorithms,  in  the  form  in  which  they  were 


described  in  the  preceding  heading,  can  he  regarded  ?-s  "°on" 
ditioral*”  they  are  realizable  to  the  extent  to  which 
refieSSins  of  -V  are  realizable  for  fhe  given  Interpreta- 
tion  while  the  characteristics  of  F,  can  actually  be  dis¬ 
cerned/  for  the  actual  accomplishment  ?;n  algoriuxJm, 
the  interpretation  should  be  so  selected  that  tne  opera¬ 
tions  Sfi-0,  (we  shall  call  these  elementary;  will  be  so 
simple  that  no  doubt  will  arise  as  to  the  possibr  y 
their  accomplishment.  More  than  that,  if  tne 
intended  for  the  fulfillment  in  a  certain  automatic  device, 
the?  it  is  natural  to  require  for  the  elementary  operations 
S  Se  LSbS  S  being  aSoonplished  by  certain,  standard 

sitli'dIb  eeXXs  of  tlie  niaciixne  •  ^  _ 

*  <i%ese  reouirements,  because  of  their  very  ^  * 

not  permit  a  strict  mathematical  interpretation:  *^ey  per¬ 
tain  to  those  original  data  which,  from  Jf®  ??o?\thiI does 
of  mathematics,  are  not  subject  to  consideration  (this  does 

not  mean  that  they  are  not  material  to  mathematics;.  ;® 

do  not  intend  to  present  here  in  de*ail  J*J;e .  ~0£otdf-milSr 
pertinent  to  this  and  refer  tne  reader  who  is  not  ft.miliar 

with  this  to  the  extensive  literature  on  uhis  proble- 
f Cl" nv  /~2  7,  *  70,  Markov  Turing  /  7 /)* 

(  s£v£e£i  such  interpretations  can  be  selected  and, 

de mending  on  which  we  select,  we  come  either  to  “helan- 
iua-e  of  n,  a.  by  Markov  or  to  the  Turing  machines  ?r  even 
to  partial-recursive  functions.  In  this  paper  we  will,  .ouch 
upon  only  the  first  two  interpretations,  ihis  is  axx  tne 
more  natural  in  that  it  is  precisely  the  language  of  n.  a. 
bv  Markov  and  its  critique  that  were  precisely  j.  or  as  the 
point  of  departure  for  the  development  of  the  algo- 

ritams.  deterraine  the  concepts  of  the  Markov  inter¬ 

pretations  and  the  Markov  algorithms  (not  mandatory  nor- 

mSlj*  let  *-{*,,«„  ...I and  ^a.  ••  be  the 

selections  which  determine  the  graph-system,  be  sha^l  - 
s innate  by  Fx  the  characteristic  of  words  (m  a  cer.ain  al¬ 
phabet  )  to  contain  at  least  one  entry  of  the  word  X  andby 
a^r_.  the  operation  of  substitution  of  tne  word  Y  instead 
of  the  first  entry  of  the  word  X  (if  X  does  not  come  out 
in  the  word  under  consideration,  then  it  is  not 
by  the  operation  Ax^t  . .  Sometimes,  we  will  write  [X]  in- 
stead  of  Fx  and  {X— >Y]  instead  of  Ax-+r*  A 

The  interpretation  [M\  *  A\  0>-*F\  1S  called  a 

Markov  interpretation  if: 
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(1)  M  is  a  mass  of  all  possible  words  in  a  certain  ? 
alphabet ; 

(2)  all  the  F,  are  in  essence  the  characteristics 
of  the  type  Fx\ 

(3)  all  the  Ai  are  in  essence  operations  of  the  type 

Ax-*r' 

Any  algorithm  described  by  a  certain  graph-system  with 
a  certain  Markov  interpretation  will  be  called  a  Morkov  al¬ 
gorithm.  The  n.  a.  are  a  specific  case  of  Markov  algorithms 
in  the  above  determined  sense.  And  precisely,  let  for  ex¬ 
ample 

|  *.-**»• 

Xs->  Yt, 

*4->Y4 


be  a  system  of  n.  a.  in  the  second  formula  indicates 

that  this  formula  is  conclusive,  Then  the  instruction  by 
A.  A.  Markov  regarding  the  action  of  the  algorithm  according 
to  this  system  is  equivalent  to  a  algorithm  which  is 

accomplished  according  to  the  graph-system  (Pig  8),  where 

It  is  easy  to  see’  that  the  n.  a.  will  always  corres¬ 
pond  to  the  Markov  algorithms  with  graph-systems  of  a 
similar  specific  type  (a  detailed  formal  description  of 
such  graph-systems  is  presented  to  the  reader).  But  on 
the  other  side,  the  above  indicated  theorems  by  A.  A.  Markov 
show  how  easy  it  is  to  explain  to  oneself  that  any  Markov 
algorithm  in  our  sense  is  equivalent  to  a  certain  algorithm 
described  by  a  normal  graph-system  (i.  e.,  such  which  corres¬ 
ponds  to ^ the  n.  a.  ).  Thus,  the. normal  graph-systems  can 
be  regarded  'as  certain .canonical,  forms  in  Markov  interpre¬ 
tations,  while  the  indicated  theorems  —  as  a  partial  solu¬ 
tion  of  one  problem  of  equivalence  for  Markov  algorithms 
(precisely  partial  because  different  n.  a.  can  be  equiva¬ 
lent  while  the  solution  of  the  problem  of  equivalence  for 
these  is,  generally  speaking,  a  problem  that  is  algorithmi¬ 
cally  unsolvabie ) . 

The  methods  indicated  in  these  theorems  for  the  con¬ 
struction  of  complex  n.  a.,  starting  froia  more  simple  ones, 
actually  turn  out  to  be  sufficiently  cumbersome.  In  the 
meantime,  the  construction  of  Markov  algorithms  described 
by  graph-systems  can  be  accomplished  sufficiently  simply 
and ^ the  constructed  algorithms  are  subs t 'antially  more  eco¬ 
nomical  than  the  corresponding  n.  a.  (we  were  convinced  in 
this  in  the  practice  of  algorithmization  of  different  mathe¬ 
matical  and  logical  problems).  Besides  this,  the  construc¬ 
tion  of  such  algorithms  follows  the  ordinary  methods  of  the 
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solution  of  problems.  Hie  problem  is  divided  into  more 
simple  problems  for  which  the  construction  of  n,  a.  is  suf¬ 
ficiently  simple,  then  a  graph-system  is  constructed  the 
joints  of  which  correspond  to  the  fulfillment  of  the  algo¬ 
rithms  for  the  partial  problems. 

And  so,  the  Markov  algorithms  are'  based  on  the  inter¬ 
pretation’  in  which  the  elementary  operations  consist  of 
.  the  discrimination  of  the  entry  (or  non  entry)  of  a  certain 
given  word  into  the  word  which  is  subject  to  processing  and 
in  the  substitution  of  certain  words  in  the  place  of  other 
.  words.  Prom  the  point  of  view  of  the  accomplishment  of 
such  an  algorithm  on  the  solving  device,  these  operations 
are  obviously  insufficiently  simple;  for  this  purpose,  these 
should,  in  turn,  be  divided  into  more  simple  ones,  A  de¬ 
tailed  analysis  of  this  problem  shows  that  it  is  possible 
(and.  natural)  to  select  the  following  as  elementary  opera¬ 
tions:  discrimination,  whether  a  certain  letter  under  con¬ 
sideration  is  graphically  equivalent  to  a  certain  given 
letter  or  not;  notation  of  the  letter  under  consideration; 
substitution  of  a  given  letter  instead  of  that  under  consi¬ 
deration;  change  from  the  letter  under  consideration  to  the 
neighboring  one  to  the  right  or  to  the  left.  Algorithms 
described  by  graph-systems  in  interpretations  with  elemen¬ 
tary  operators  of  the  above  indicated  type  will  be  called 
Turingian;  they  are  somewhat  changed  descriptions  of  the 
Turing  machines  The  stablishment  of  the  convergence 

of  Markov  algorithms  and,  in  particular,  of  the  n.  a.  to 


23 


the  Turingian  ones  and  oonversel^ista  ---^proof 

f-ff  X  the  other  tand,  this  information  makes  possible 
practical^ ubomatic  conversion  of  Harkov  algorithms  into 

TiT^^/E'Lior'Sr'ithSf  on  ;2^sj.«ohw'  . 

6' =■“ &:=  U.TSgSV 

^inhi el  s  it  seems  typical  that  the  colossal  gain  in  speed 

S&rsx  JS 

the  so-called^universal*raachfnes^are^capable  a?so  of  solving 

^nnhinatorial  problems  but  their  output  is  very  low  in  such 
use  '  problemsPconnected  with  the  planning  of  universal 
machine s  adapt ed°  for  a  wide  field  of  combinatorial  Problems 
“e  to  all  evidence  very  complex  but  they  represent  no  doubt 

SreEt  t5e°hope°tLtnaedeep4r  study  of 

^^iSlS^f^rr^r^LSe^Tdlo^f^ironr^gch 

will  be  capable  of  solving  such  problems  in  a  more  economi¬ 
cal  manner. 
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